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Abstract
Recently, Lechicki, Levi and Spakowski have studied set convergence of the Attouch–Wets type expressed in terms of truncations
by members of a prescribed family of sets. When this family is either the family of metrically bounded sets or the family of all
nonempty subsets, it is well known that convergence means uniform convergence of distance functions on members of the family.
In this paper we give necessary and sufficient conditions for coincidence to occur when the family is a general bornology of subsets.
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1. Introduction
In the literature on topologies on the hyperspace of a metric space, we find the use of the family S of metrically
bounded sets to study the bounded-Hausdorff metric also known as the Attouch–Wets topology as well as the bounded
Vietoris topology. The concept of metrically bounded sets was generalized to a topological space by S.T. Hu [12] in
1949 who called it a boundedness, which is also known in the literature as a ring, ideal or bornology. A few papers in
hyperspace topologies have appeared recently using such a family, combined with a cobase first used by H. Poppe in
1965. In this paper we study convergences in the hyperspace of a metric space endowed with such a family.
The study of convergences of closed subsets of a topological space has played an important role in several math-
ematical branches: functional analysis, optimization theory, variational analysis, etc. (see [1,15,17]). Traditionally,
given a topological space (X, τ) the topologies defined on a family of subsets of X have been called hypertopologies.
In the literature, we can find four important techniques to construct a convergence of sets: as convergence deduced
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G. Beer et al. / J. Math. Anal. Appl. 339 (2008) 542–552 543from a (proximal) hit-and-miss topology, as convergence deduced from a weak topology, as an S-convergence and
convergence deduced from a topology on a function space. In all of these constructions, a subfamily S of subsets is
involved. Furthermore, for some particular families of subsets some of these constructions agree. For example, if we
consider the family CL0(X) of all nonempty closed subsets of a metric space (X,d), then the topology generated by
the upper Hausdorff quasi-pseudometric induced by d on CL0(X) can be constructed as the upper proximal topology
associated with CL0(X), as the topology compatible with the CL0(X)-convergence or the topology inherited from the
upper half of the topology of uniform convergence on a function space (see [1]). The reader may consult [1] for a
weak topology approach to hypertopologies based on gap and excess functionals that subsumes many of the classical
topologies including the Attouch–Wets topology, the Hausdorff metric topology, the Vietoris topology, the Wijsman
topology, the proximal topology and the locally finite topology. However, the coincidence of these constructions for
the same family S is not always true. This paper is devoted to study the relationship between these constructions. Our
basic references for the comparison of hypertopologies are [1,5].
In Section 2 we introduce some basic hypertopologies and set convergences including (i) the upper and lower
S-topologies whose supremum is the topology of uniform convergence of distance functions on members of S, and
(ii) the S− and S+ convergences of Lechicki, Levi and Spakowski [14]. In Section 3, we characterize equivalence
between two lower S-topologies induced by different ideals. Some classical results are obtained as corollaries of the
main theorem of this section. The main result of Section 4 shows that when S+-convergence is topological, then it is
compatible with an upper proximal topology. Section 5 provides results which allow to decide when convergence in
the upper (respectively lower) S-topology coincides with S+ (respectively S−) convergence.
2. Basic concepts
We center our attention to three constructions of set convergence which have been mentioned above. We will use
the following notation. If (X, τ) is a topological space we denote by P0(X) (respectively K0(X), s(X)) the family of
all nonempty subsets (respectively compact subsets, singletons) of X. If (X,d) is a metric space, we denote by B0(X),
the family of all nonempty bounded subsets of X.
2.1. Proximal hit-and-miss topology
The proximal hit-and-miss construction has been presented as a unifying tool to construct hypertopologies, i.e.,
topologies defined over a family of subsets of a topological space. Usually, these topologies are asked to be admissible
which means that the mapping x → {x} from X to P0(X) is an embedding.
Furthermore, it is proved in [8] that the hit-and-miss topology is a particular case of a proximal topology. We recall
pertinent definitions. Our basic reference for proximities is [16] and for hypertopologies [1].
Let X be a nonempty set. A binary relation δ on the family of all subsets of X is called a proximity if it satisfies the
following properties:
(P1) A δ B implies B δ A.
(P2) (A ∪ B) δ C if and only if A δ C or B δ C.
(P3) ∅  δ A.
(P4) A ∩ B = ∅ implies A δ B.
Furthermore, if δ satisfies the so-called strong axiom
(P5) A  δ B implies there exists a subset E such that A  δ E and (X \ E)  δ B,
then δ is an Efremovicˇ proximity.
The following notion will be useful later.
Definition 1. (See also [8].) Let δ be a proximity on X and S be a family of subsets of X. We say that S is δ-strong or
δ-Urysohn if whenever A ⊆ X and S ∈ S verify that A  δ S we can find E ∈ S such that A  δ E and (X \ E)  δ S.
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Notice that every metric on X generates an Efremovicˇ proximity δd on X given by A δd B if d(A,B) =
inf{d(a, b): a ∈ A, b ∈ B} = 0.
The lower Vietoris topology τ−V on P0(X) is generated by all sets of the form V − = {A ∈ P0(X): A ∩ V = ∅}
where V is an open set.
If S is a nonempty family of subsets of X and δ is a proximity on X, the upper S-proximal topology μ++S,δ is
generated by all sets of the form (Sc)++ = {A ∈ P0(X): A  δ S} where S ∈ S. The S-proximal hit-and-miss topology
μS,δ is the supremum of the upper S-proximal topology and the lower Vietoris topology. When no confusion arises,
we will write μS, for example when working in a metric space. In this case, notice that μ++S is generated by all sets
of the form (Sc)++ = {A ∈ P0(X): Bd(A, ε) ⊆ Sc for some ε > 0} where S ∈ S and Bd(A, ε) = {x ∈ X: d(a, x) < ε
for some a ∈ A}.
When S = CL0(X) this topology is called the proximal topology and if S =K0(X) ∩ CL0(X), then it is called the
Fell topology.
If we consider the proximity A δ0 B if A ∩ B = ∅, then the topology μCL0(X),δ0 is the Vietoris topology (see [8]).
We denote
⋃
S =⋃{S: S ∈ S}.
2.2. Topology on a function space
Given a metric space (X,d) and S ⊆ P0(X), we denote by CuS(X) (respectively CS(X)) the set of all continuous
real-valued functions defined on X with the topology of upper (respectively lower) uniform convergence over the
family S.
Definition 2. (See [7].) Let (X,d) be a metric space and S ⊆P0(X).
(a) The upper S-topology on P0(X), denoted by τ+S,d , is the topology inherited from CS(X) when we identify each
set A with the functional d(A, ·). Therefore, a net {Aλ}λ∈Λ is convergent to A in (P0(X), τ+S,d ) if and only if for
any ε > 0 and every S ∈ S, there exists λ0 ∈ Λ such that d(A, s) − d(Aλ, s) < ε for all s ∈ S and all λ λ0.
(b) The lower S-topology on P0(X), denoted by τ−S,d , is the topology inherited from CuS(X) when we identify each
set A with the functional d(A, ·). Therefore, a net {Aλ}λ∈Λ is convergent to A in (P0(X), τ−S,d ) if and only if for
any ε > 0 and every S ∈ S, there exists λ0 ∈ Λ such that d(s,Aλ) − d(s,A) < ε for all s ∈ S and all λ λ0.
The S-topology τS,d is the supremum of τ−S,d and τ
+
S,d .
When S is s(X), B0(X) or P0(X) we obtain the Wijsman (τWd ), Attouch–Wets and Hausdorff metric topologies
(see [1]). We observe that the lower Wijsman topology is equal to the lower Vietoris topology.
It is easy to see that the τS,d -topology is exactly the same as τB(S),d where B(S) is the family of all subsets of X
which are contained in finite union of sets of S. Therefore, we will only consider families of subsets S which satisfy:
(i) S is closed under subsets, i.e., every subset of a set S ∈ S belongs to S.
(ii) S is closed under finite unions, i.e., every finite union of sets of S belongs to S.
A family of subsets which verifies these two conditions is called an ideal [10]. If S is also a cover of X, then it is
called a bornology (see [11]). For example, the family of all bounded subsets of a metric space is a bornology. Notice
that this bornology is also generated by the family of all closed balls.
If an ideal (respectively bornology) S contains only proper subsets (i.e., it does not contain X) we say that it is a
proper ideal (respectively bornology). If S contains a countable subfamily cofinal in S, then it is called a bornology
or an ideal with a countable base (see [11]). Therefore, if E is a countable base for S we deduce that τS,d = τB(E),d .
We also notice that τS,d is a uniformizable topology and the family {US,ε: S ∈ S, ε > 0} is a base for a compatible
uniformity where
US,ε =
{
(A,B) ∈P0(X) ×P0(X):
∣∣d(A, s) − d(B, s)∣∣< ε for all s ∈ S}.
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In [14] (see also [9]), a new kind of convergence for sets is introduced by generalizing the construction of the
so-called Attouch–Wets filter. If (X,d) is a metric space and S a bornology or an ideal on X, then a net {Aλ}λ∈Λ:
• S+-converges to A if for each S ∈ S and ε > 0 there exists λ0 such that Aλ ∩ S ⊆ Bd(A, ε) for all λ λ0.
• S−-converges to A if for each S ∈ S and ε > 0 there exists λ0 such that A ∩ S ⊆ Bd(Aλ, ε) for all λ λ0.
• S-converges to A if it S−-converges to A and S+-converges to A.
In [14], the authors study some properties of these convergences which are indeed pretopologies. The Attouch–
Wets, Hausdorff metric and the Fell topology for closed sets are particular cases of the S-convergence when S is
B0(X), P0(X) and K0(X), respectively (see, for example, [1]). Furthermore, S-convergence is equivalent to τS,d
convergence when S is B0(X) or P0(X). Again, there is no loss of generality here assuming that S is an ideal of sets.
3. S-topologies
This section is dedicated to the study of the equivalence between two S-topologies generated by two different
ideals. For related results about this equivalence in the set of all continuous functions see [13].
We start with a result about the pseudo-metrizability of an S-topology.
Proposition 3. Let (X,d) be a metric space and S be an ideal with countable base. Then τS,d is pseudo-metrizable.
Proof. Let {Sn}n∈N be a countable base for S. Then it is easy to prove that the family {Un,m: n,m ∈N} is a countable
base for a uniformity compatible with τS,d where
Un,m =
{
(A,B) ∈ P0(X) ×P0(X):
∣∣d(A, s) − d(B, s)∣∣< 1/m for all s ∈ Sn
}
. 
In [14], the following notions were introduced in order to study the equivalence between two lower bornological
convergences. Let S be a family of subsets of X. A subset A of X is said to be S-totally bounded (respectively weakly
S-totally bounded) if for every ε > 0 there exist S1, . . . , Sn ∈ S such that A ⊆⋃ni=1 Bd(Si ∩ A,ε) (respectively A ⊆⋃n
i=1 Bd(Si, ε)). Notice that if S is an ideal, then we can replace
⋃n
i=1 Bd(Si ∩ A,ε) (respectively
⋃n
i=1 Bd(Si, ε))
by Bd(S ∩ A,ε) (respectively Bd(S, ε)) where S ∈ S in the above definitions.
In [14] it was proved that given S and C two covers of X, then S−  C− if and only if the family of S-totally
bounded subsets is included in the family of C-totally bounded subsets.
If we consider lower S-topologies, we obtain the following result:
Proposition 4. Let (X,d) be a metric space and C,S be two ideals. Then τ−S,d ⊆ τ−C,d if and only if S is weakly
C-totally bounded for all S ∈ S.
Proof. Suppose that S0 is not weakly C-totally bounded for some S0 ∈ S. Then it is clear that S0 ⊆ Bd(C, ε) for all
C ∈ C and some ε > 0. Then {C}C∈C is τ−C,d -convergent to X since given C0 ∈ C,
d(C, c) − d(X, c) = 0
for all C0 ⊆ C and all c ∈ C0. However, {C}C∈C does not converge to X in τ−S,d , since given C ∈ C we can find sc ∈ S0
such that sc /∈ Bd(C, ε) so
d(C, sc) − d(X, sc) = d(C, sc) ε
which contradicts our assumption.
Conversely, suppose that {Aλ}λ∈Λ is τ−C,d -convergent to A. Let S ∈ S. Then, given ε > 0 we can find C ∈ C such
that S ⊆ Bd(C, ε/3). By assumption
d(Aλ, c) − d(A, c) < ε/3
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d(Aλ, s) d(s, cs) + d(cs,Aλ) 2ε3 + d(cs,A)
2ε
3
+ d(cs, s) + d(s,A) ε + d(s,A)
residually and the proof is finished. 
Remark 5. Note that if one of the equivalent conditions of the above result holds, then τ+S,d ⊆ τ+C,d . This produces
a difference between the behavior of the τS,d -convergence and S-convergence, since the S+-convergence implies the
S−-convergence (see [14]).
Furthermore, following [14] one can prove that a net {Aλ}λ∈Λ is τ+S,d -convergent to A if and only if the net
{Aλ ∪ A}λ∈Λ is τS,d convergent to A. This implies that if τS,d ⊆ τC,d , then τ+S,d ⊆ τ+C,d .
Corollary 6. Let (X,d) be a metric space and S be an ideal. Then τ−Wd = τ−Sd on P0(X) if and only if
⋃
S is dense
and S is totally bounded for all S ∈ S.
Lemma 7. Let (X,d) be a metric space and C,S be two ideals. Then τS,d ⊆ τC,d if and only if S is weakly C-totally
bounded for all S ∈ S.
Proof. Suppose that τS,d ⊆ τC,d but there exists S ∈ S which is not weakly C-totally bounded for some ε > 0. By
assumption, we can find C ∈ C and δ > 0 such that UC,δ(X) ⊆ US,ε(X). Obviously, C ∈ UC,δ(X) but C /∈ US,ε(X)
since we can find s ∈ S with s /∈ Bd(C, ε).
The converse follows from Proposition 4 and Remark 5. 
Theorem 8. Let (X,d) be a metric space and C,S be two ideals. The following are equivalent:
(1) τS,d = τC,d .
(2) τ−S,d = τ−C,d .
(3) C and S determine the same weakly totally bounded sets.
Corollary 9. (See [1].) Let (X,d) be a metric space. Then the Hausdorff metric topology is equal to the Attouch–Wets
topology if and only if (X,d) is bounded.
Corollary 10. (See [1].) Let (X,d) be a metric space. Then the Hausdorff metric topology is equal to the Wijsman
topology if and only if (X,d) is totally bounded.
Corollary 11. (See [1].) Let (X,d) be a metric space. Then the Attouch–Wets topology is equal to the Wijsman
topology if and only if every bounded set is totally bounded.
4. Relationship between S-hit-and-miss topology and the other topologies
Proposition 3.10 and Corollary 3.11 of [14] in part prove that if S is an ideal of subsets of X, then S+  μ++S,δ0 and
S+ = μ++S,δ0 on A if and only if Bd(A, ε) ∩ S = ∅ for some ε > 0, for every A ∈A, S ∈ S such that A ∩ S = ∅.
Lemma 12. Let (X,d) be a metric space and S be an ideal. Then τ+S,d -convergence implies μ
++
S -convergence.
Proof. Suppose {Aλ}λ∈Λ is τ+S,d -convergent to A. Let S ∈ S such that A ∈ (X \ S)++. Then Bd(A, ε) ⊆ X \ S for
some ε > 0. Suppose that Aλ /∈ (X \ S)++ cofinally. Let n ∈ N such that 1/n < ε. By assumption, we can find λ0 ∈ Λ
such that
d(A, s) − d(Aλ, s) < ε − 1/n
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Consequently,
d(A, s) < ε − 1/n + d(Aλ, s) < ε
which is not possible. Hence, we deduce that {Aλ}λ∈Λ is μ++S -convergent to A. 
The S+-convergence is closely related with the upper S-proximal convergence. In fact, when S = CL0(X), then the
CL0(X)+-converge is compatible with the upper Hausdorff topology which is equal to the upper CL0(X)-proximal
convergence (see [1] for instance). Furthermore, it is implicit in [6] and [8] that when S is the set of all bounded
subsets of a metric space, then the S+-convergence, which is the upper Attouch–Wets convergence, is equal to the
bounded proximal topology. However, this fact is not always true for every bornology S.
Example 13. Consider R with the usual metric d . Let S =P0(]1,2]), A = [0,0′5] and An = [1 − 1/4n,1]. It is clear
that {An}n∈N is S+-convergent to A because An ∩ S = ∅ for all S ∈ S. However, although A ∈ (Sc0)++, it is clear that
d(An,S0) = inf{d(a, s): a ∈ An, s ∈ S0} = 0 where S0 = ]1,2], so {An}n∈N is not μ++S -convergent to A.
Lemma 14. Let (X,d) be a metric space and S be an ideal. Then S+  μ++S .
Proof. Let {Aλ}λ∈Λ be a net μ++S -convergent to A. Let S ∈ S and ε > 0. Suppose that S \ Bd(A, ε) = ∅ (otherwise,
the proof is finished because S ⊆ Bd(A, ε)). Since S0 = S \Bd(A, ε) ∈ S, then Aλ ∈ (Sc0)++ residually so Aλ ∩S0 = ∅
residually. Consequently, Aλ ∩ S ⊆ Aλ ∩ Bd(A, ε) ⊆ Bd(A, ε) residually. 
We show that if the convergence S+ is topological, then its associated topology is the upper S-proximal topology.
Proposition 15. Let (X,d) be a metric space and S be an ideal. The following are equivalent:
(1) S+-convergence is topological.
(2) For each nondense S ∈ S there exists ε > 0 such that Bd(S, ε) ∈ S.
(3) S is δd -strong.
(4) S+-convergence is compatible with μ++S .
Proof. (1) ⇒ (2). See [14, Theorem 3.7].
(2) ⇔ (3). This is straightforward.
(2) ⇒ (4). By the above lemma, we only have to show that μ++S  S+. Let {Aλ}λ∈Λ be a net S+-convergent to A.
Consider S ∈ S such that A  δd S, i.e., Bd(A, ε)∩S = ∅ for some ε > 0. By assumption, we can find δ < ε/2 such that
Bd(S, δ) ∈ S. Then, there exists λ0 such that Aλ ∩Bd(S, δ) ⊆ Bd(A, ε/2) for all λ λ0. We claim that Bd(Aλ, ε/2)∩
S = ∅. Otherwise, we can find a ∈ Aλ ∩ Bd(S, δ) ⊆ Bd(A, ε/2) which is not possible since Bd(A, ε) ∩ S = ∅.
(4) ⇒ (1). This is obvious. 
The comparison between the lower part of a hit-and-miss topology (i.e., the lower Vietoris topology) and the S−-
convergence when S is a cover was solved in [14] proving that τ−V = S− if and only if every S ∈ S is totally bounded.
In the case that S is not a cover, then S−-convergence does not force convergence in the lower Vietoris topology
provided X has at least two points.
5. Bornological convergences and S-topologies
We know that two-sided S-convergence agrees with τS,d convergence when either S = P0(X) or S = B0(X). But
this can occur more generally as the next example shows.
Example 16. As a subspace of the Euclidean plane with the usual metric, let X be the following L-shaped object:
X = ({0} × [0,∞))∪ ([0,∞) × {0}).
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that is neither the full bornology nor the bornology of bounded sets
S := {S: there exists n ∈ N such that S ⊆ Bn}.
Note that S properly contains the bounded subsets of X. Now let A ∈ P0(X) and let {Aλ}λ∈Λ be a net in P0(X) with
A = S− − limAλ = S+ − limAλ. To show uniform convergence of distance functions restricted to members of S, we
need only show uniform convergence on each Bn. But to do this, it suffices to show uniform convergence on some ray
[p,∞) × {0} for some p  0 because we already have Attouch–Wets convergence as B0(X) ⊆ S. We consider three
cases.
(i) There exists a0 > 0 with (a0,0) ∈ A. Let ε < a02 be arbitrary. Residually we have Aλ ∩ S0 ⊆ Bd(A, ε) and
A ∩ S0 ⊆ Bd(Aλ, ε) and it follows that
sup
{∣∣d((x,0),A)− d((x,0),Aλ
)∣∣: x ∈ [a0,∞)
}
 ε.
(ii) A∩S0 ⊆ {(0,0)} and inf {y: (0, y) ∈ A} = 0. Let ε > 0 and let S = S0 ∪ ({0}× [0,1]). Then residually, Aλ ∩S ⊆
Bd(A, ε) and A∩S ⊆ Bd(Aλ, ε) imply that residually ∃aλ ∈ Aλ with d((0,0), aλ) ε and Aλ∩S0 ⊆ [0, ε)×{0}.
It again readily follows that
sup
{∣∣d((x,0),A)− d((x,0),Aλ
)∣∣: x ∈ [ε,∞)} ε.
(iii) A ∩ S0 = ∅ and inf {y: (0, y) ∈ A} = α > 0. Let 0 < ε < α; this time using S = S0 ∪ ({0} × [0,2α]) we see that
residually ∃aλ ∈ Aλ with d((0, α), aλ) ε and Aλ ⊆ {0} × (α − ε,∞). It now follows that
sup
{∣∣d((x,0),A)− d((x,0),Aλ
)∣∣: x  0} ε.
5.1. Upper parts
The reader can easily verify that in general τ+S,d -convergence ensures S
+
-convergence, and that τ−S,d -convergence
ensures S−-convergence.
Next we try to characterize when the τ+S,d -convergence is equal to S
+
-convergence.
The S+-convergence has a curious property which is that if S is a proper ideal, then we can find a net {xS}S∈S
which is S+-convergent to every subset A of X. We only have to consider xS ∈ X \ S. Given an ideal S on X we say
that the net {xλ}λ∈Λ is S-convergent to infinity if given S ∈ S, then xλ /∈ S residually [2–4]. It is not hard to show that
two ideals are the same if and only if they have the same nets convergent to infinity and that in general sequences do
not suffice [4].
Theorem 17. Let (X,d) be a metric space and let S be a nontrivial ideal. The following conditions are equivalent.
(1) S+ = τ+S,d .
(2) Whenever a net {xλ}λ∈Λ is S-convergent to infinity, we have for each p ∈ X, {p} = τ+S,d − lim{{xλ}}.(3) For every net {xλ}λ∈ΛS-convergent to infinity, for every net {sλ}λ∈Λ contained in some S0 ∈ S the set⋃
λ∈Λ Bd(sλ, d(sλ, xλ) + ε) = X for all ε > 0.
Proof. (1) ⇒ (2). This is an immediate consequence of the observation made in the paragraph preceding the theorem.
(2) ⇒ (3). Suppose that {xλ}λ∈Λ is S-convergent to infinity and there exist S0 ∈ S and {sλ}λ∈Λ ⊆ S0 verifying that⋃
λ∈Λ Bd(sλ, d(sλ, xλ)+ ε) = X for some ε > 0. Let p ∈ X such that p /∈
⋃
λ∈Λ Bd(sλ, d(sλ, xλ)+ ε). Then, for each
λ ∈ Λ,
d(p, sλ) − d(xλ, sλ) ε
so {{xλ}}λ∈Λ is not τ+S,d -convergent to {p}.
(3) ⇒ (1). Suppose that {Aλ}λ∈Λ is S+-convergent to A but it is not convergent to A in τ+S,d . Therefore, we can
find ε > 0, S0 ∈ S, a cofinal subset Λ0 of Λ and {sλ}λ∈Λ0 ⊆ S0 such that
d(A, sλ) − d(Aλ, sλ) ε
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d(A, sλ) − d(aλ, sλ) > ε2 .
We claim that for all λ0 ∈ Λ0 and S ∈ S there exists λ  λ0 with aλ /∈ S. Otherwise then residually aλ ∈ S. By
S+-convergence, there exists λ1 such that if λ λ1, then aλ ∈ B(A, ε3 ). As a result,
d(A, sλ) − d(aλ, sλ) < d(aλ, sλ) + ε3 − d(aλ, sλ) =
ε
3
,
a contradiction. Hence, we have obtained a subnet {aγ }γ∈Γ of {aλ} such that {aγ }γ∈Γ is S-convergent to infinity and
{sγ }γ∈Γ ⊆ S0 such that the set ⋃γ∈Γ Bd(sγ , d(aγ , sγ ) + ε/2) is not X because
d(p, sγ ) − d(aγ , sγ ) d(A, sλ) − d(aλ, sλ) > ε2
for all p ∈ A so condition (3) fails. 
Corollary 18. (See [1].) Let (X,d) be a metric space. Then B0(X)+-convergence agrees with τ+B0(X),d .
It is easy to see S+ = τ+S,d for an ideal S ensures that each proper closed ball whose center lies in
⋃
S must be in
the ideal. To see this, suppose s0 ∈⋃S and α < sup{d(s0, x): x ∈ X}. Now if the {x: d(s0, x)  α} /∈ S, choose p
with d(p, s0) > α and then a net {xS}S∈S in this closed ball S-convergent to infinity. Then d({p}, s0) − d({xS}, s0)
d({p}, s0)−α > 0 for all S ∈ S so {{xS}}S∈S is not τ+S,d -convergent to {p}. It follows from Theorem 17 that S+ = τ+S,d .
In particular, if the metric d is unbounded so that each closed ball is proper, we see that coincidence not only
forces S to be a bornology, but it also forces each ball in X to be in S. Thus, if coincidence occurs, the common
convergence we get is at least as strong as upper Attouch–Wets convergence. Further, if coincidence occurs for a
nontrivial bornology, then the complement of each S ∈ S must be unbounded as S is closed under finite unions. But
more is true: the entire bornology must be stable under enlargements.
Proposition 19. Let (X,d) be an unbounded metric space and let S be a bornology. If S+ = τ+S,d , then for each S ∈ S
and each λ > 0 we have Bd(S,λ) ∈ S.
Proof. If S consists of all nonempty subsets of X, then obviously it is stable under enlargements. Otherwise, suppose
for some S0 ∈ S and λ > 0, we have Bd(S0, λ) /∈ S. Let p ∈ X be arbitrary and set S1 = S0 ∪ Bd(p,3λ). While
S1 ∈ S, it is clear that Bd(S1, λ) /∈ S. Set Δ = {S: S ∈ S and S1 ⊆ S}, and direct Δ by inclusion. For each S ∈ Δ pick
xS ∈ Bd(S1, λ) \ S and then yS ∈ S1 with d(xS, yS) < λ. Note that for each S ∈ Δ we have d(yS,p) > 2λ because
Bd(p,3λ) ⊆ S1 ⊆ S. Clearly the net {xS}S∈Δ is S-convergent to infinity, while
d
({p}, yS
)− d({xS}, yS
)
 λ
for all S ∈ Δ. Therefore, {{xS}}S∈Δ is not τ+S,d -convergent to {p} and this contradicts Theorem 17. 
The next example shows that the converse of the above proposition is not true in general.
Example 20. Let us consider R2 with the usual metric d and let S be the bornology having as countable base all
horizontal strips of the form Sn =R×[−n,n] where n ∈N. Clearly, for all n and r > 0, Bd(Sn, r) ∈ S. Now, consider
the sequence defined by xn = (n,n − 0′5) for n ∈N which is S-convergent to infinity. We compute
d
(
(0,1), (n,0)
)− d(xn, (n,0)
)=
√
1 + n2 − (n − 0′5) > n − (n − 0′5) = 0′5.
Thus, while {(n,0)}n∈N is a sequence in S1, we have for each ε < 0′5,
(0,1) /∈
⋃
n∈N
Bd
(
(n,0), d
(
(n,0), xn
)+ ε).
Thus, with p = (0,1) and sn = (n,0), condition (3) of Theorem 17 is violated, and so coincidence of the upper
convergences fails.
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result that S is the bornology of all bounded subsets of X, so the converse of the above proposition is true since τ+S,d
is the upper Attouch–Wets topology.
When S = s(X) we obtain the following.
Proposition 22. Let (X,d) be a metric space. The following are equivalent:
(1) s(X)+ = τ+Wd on P0(X).(2) Every proper closed ball is finite.
Proof. (1) ⇒ (2). Suppose that Bd(x0, ε) is a proper closed ball with cardinal greater than or equal to ℵ0. Let y ∈
X \ Bd(x0, ε). Let {xn}n∈N be a sequence of distinct points contained in Bd(x0, ε). Then it is clear that this sequence
is s(X)+-convergent to {y} (in fact, it converges to every subset of X). However,
d
({y}, x0
)− d({xn}, x0
)
 d
({y}, x0
)− ε > 0
for all n ∈ N, so {{xn}}n∈N does not converge to {y} in τ+Wd , a contradiction.
(2) ⇒ (1). Let {Aλ}λ∈Λ be a net which is s(X)+-convergent to A. Fix x0 ∈ X and let δ = d(A,x0) > 0 (otherwise,
the proof has finished). We distinguish two possibilities:
(i) Bd(x0, δ) has cardinal at least ℵ0. By assumption, Bd(x0, δ) = X. Suppose that we can find δ > ε > 0 such that
d(A,x0) − d(Aλ, x0) ε
cofinally. Therefore, there exists a cofinal subset Λ0 of Λ such that δ − ε/2  d(aλ, x0) for all λ ∈ Λ0, where
aλ ∈ Aλ. If {aλ: λ ∈ Λ0} is finite, then we deduce that for some λ ∈ Λ0, aλ belongs to A, since some aλ occurs
cofinally, {Aλ}λ∈Λ is s(X)+ convergent to A, and τ(d) is the discrete topology. This gives d(A,x0)  δ − ε2 ,
a contradiction. Consequently, the proper closed ball with center x0 and radius δ − ε2 is infinite, which is again
not possible since d(A,x0) = δ.
(ii) Bd(x0, δ) is finite. This proof is left to the reader. 
The following example shows that uniform discreteness of τ(d) is not sufficient for the equality of s(X)+ and τ+Wd .
Example 23. Let us endow N with the following metric:
⎧⎨
⎩
d(1, n) = d(n,1) = 2 if n = 1,
d(n,m) = 1 if n = m, n = 1, m = 1,
d(n,n) = 0.
Then, {n}n∈N is s(X)+ convergent to {1}, but it is not convergent to {1} in τ+Wd .
5.2. Lower parts
We notice that, in general, S−-convergence is different from τ−S,d -convergence. We can consider the following.
Example 24. Let us consider the set R2 with the usual metric. Let S be the bornology generated by the family of
all lines passing through the origin except the x-axis and all the finite subsets of the x-axis. Let A be the x-axis and
An = {(x,0): x  n} for all n ∈ N. It is evident that {An}n∈N is S−-convergent to A since A ∩ S is empty or finite
for all S ∈ S. However, we show that this sequence is not τ−S,d -convergent to A. Consider S = {(s, s): s ∈ R}. Let
ε > 0 and n ∈ N. Since sup(s,s)∈S d(A, (s, s)) = +∞ we can find s ∈ R such that d((s, s),A) > ε. Given h > 0 we
can consider the function
f (h) = d(An , (n0 + h,n0 + h)
)− d(A, (n0 + h,n0 + h)
)=
√
(n0 + h)2 + h2 − (n0 + h).0
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d
(
An0 , (n0 + h0, n0 + h0)
)− d(A, (n0 + h0, n0 + h0)
)
> ε
which proves that {An}n∈N does not converge to A in τ−S,d .
The key construct required to express equivalence is provided by the next definition.
Definition 25. Let A be a nonempty subset of X. The ε-approximate metric projection of A is the multifunction
ε − ProjA : X⇒P0(X) defined by
ε − ProjA(x) =
{
a ∈ A: d(a, x) d(A,x) + ε}.
Suppose S is an ideal of subsets of (X,d) for which there exists p ∈ X such that for each s ∈ ⋃S we have
d(p, s) = sup{d(x, s): x ∈ X}. Then clearly each net {Aλ}λ∈Λ in P0(X) is τ−S,d -convergent to {p}. The existence of
such a point p is unusual, and in particular, cannot occur when d is an unbounded metric. If no such p exists, then
S− = τ−S,d forces the ideal S to be a cover, i.e., a bornology. To see this, take x0 /∈
⋃
S and then choose s0 ∈⋃S and
x1 ∈ X with d(x1, s0) > d(x0, s0). Then the sequence {x1}, {x1}, {x1}, . . . is S−-convergent but not τ−S,d -convergent to{x0}. For this reason, it is appropriate to restrict our search for conditions characterizing coincidence of the two lower
convergences to ideals that are bornologies.
Theorem 26. Let (X,d) be a metric space and S a bornology on X. Then the following statements are equivalent:
(1) S−-convergence is equivalent to τ−S,d -convergence.
(2) {A ∩ S}S∈S,A∩S =∅ is τ−S,d -convergent to A for every A ∈P0(X).
(3) The multifunction ε − ProjA has a selection f such that {f (x): x ∈ S} lies in S, for each A ∈ P0(X), for each
ε > 0, and for each S ∈ S.
Proof. (1) ⇒ (2). Obvious.
(2) ⇒ (3). If (3) fails, there exist a nonempty set A,ε > 0 and S0 ∈ S such that for each S ∈ S we can find xS ∈ S0
with ε − ProjA(xS)∩ S = ∅. We claim that {A∩ S}S∈S,A∩S =∅ fails to converge to A in τ−S,d . To see this, note that for
each S with A ∩ S = ∅ we have
d(A ∩ S,xS) − d(A,xS) ε
since ε − ProjA(xS) ∩ S = ∅. This means that whenever S ∩ A = ∅ we have
sup
{
d(A ∩ S,x) − d(A,x): x ∈ S0
}
 ε.
(3) ⇒ (1). Suppose {Aλ}λ∈ΛS−-converges to A, and fix S0 in S. Let f be a selection for ε2 − ProjA such that
S1 := {f (x): x ∈ S0} lies in S. By S−-convergence, there exists λ0 such that λ  λ0 implies S1 ∩ A ⊆ Bd(Aλ, ε2 ).
Let s0 ∈ S0 be arbitrary and fix λ λ0. Pick w ∈ ε2 − ProjA(s0) ∩ S1. Of course, d(w, s0) d(A, s0) + ε2 . Now pick
aλ ∈ Aλ with d(aλ,w) < ε2 . We then obtain
d(Aλ, s0) d(aλ, s0) < d(w, s0) + ε2 < d(A, s0) + ε
as required. 
Corollary 27. Let (X,d) be a metric space and S be a bornology on X. If S is d-totally bounded for all S ∈ S, then
S−-convergence is equivalent to τ−S,d -convergence.
Proof. Let us consider S ∈ S and A ∈ P0(X). Given ε > 0 we can find {s1, . . . , sn} ⊆ S such that S ⊆⋃n
i=1 Bd(si, ε/3). Let ai ∈ A such that d(ai, si) < d(A, si) + ε/3 for all i ∈ {1, . . . , n}. Therefore, for each s ∈ S
we have
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< d(A, s) + ε
for some j ∈ {1, . . . , n}. Consequently, ε − ProjA has a selection whose restriction to S has finite range so the result
follows from the above theorem. 
Corollary 28. Let (X,d) be a metric space and S the bornology of all nonempty finite subsets of X. Then S− =
τ−S,d = τ−Wd .
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